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Discriminant Analysis

Here the approach is to model the distribution of X in each of
the classes separately, and then use Bayes theorem to flip things
around and obtain Pr(Y|X).

When we use normal (Gaussian) distributions for each class,
this leads to linear or quadratic discriminant analysis.

However, this approach is quite general, and other distributions
can be used as well. We will focus on normal distributions.
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Bayes theorem for classification
Thomas Bayes was a famous mathematician whose name
represents a big subfield of statistical and probabilistic
modeling. Here we focus on a simple result, known as Bayes
theorem:
Pr(X =z|Y =k)-Pr(Y = k)
Pr(X =x)

Pr(Y = k|X =z) =
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Bayes theorem for classification
Thomas Bayes was a famous mathematician whose name
represents a big subfield of statistical and probabilistic
modeling. Here we focus on a simple result, known as Bayes
theorem:
Pr(X =z|Y =k)-Pr(Y =k)
Pr(X =x)

Pr(Y = k|X =z) =

One writes this slightly differently for discriminant analysis:

Pr(Y =kl X =2) = M, where

B Z{il Wlfl(x)

o fir(z) =Pr(X =z|Y = k) is the density for X in class k.
Here we will use normal densities for these, separately in
each class.

e 1, = Pr(Y = k) is the marginal or prior probability for
class k.
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Classify to the highest density

4 -2 0 2 4 4 -2 0 2 4

We classify a new point according to which density is highest.

When the priors are different, we take them into account as
well, and compare 7y, fi(z). On the right, we favor the pink
class — the decision boundary has shifted to the left.



Why discriminant analysis?

e When the classes are well-separated, the parameter
estimates for the logistic regression model are surprisingly
unstable. Linear discriminant analysis does not suffer from
this problem.

e If n is small and the distribution of the predictors X is
approximately normal in each of the classes, the linear
discriminant model is again more stable than the logistic
regression model.

e Linear discriminant analysis is popular when we have more

than two response classes, because it also provides
low-dimensional views of the data.



Linear Discriminant Analysis when p =1

The Gaussian density has the form

fk(x) = \/%Uk 67%<%>

Here pu is the mean, and o} the variance (in class k). We will
assume that all the o, = o are the same.
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Linear Discriminant Analysis when p =1

The Gaussian density has the form

o= g AR

Here pu is the mean, and o} the variance (in class k). We will
assume that all the o, = o are the same.

Plugging this into Bayes formula, we get a rather complex
expression for pi(z) = Pr(Y = k| X = z):

)
- 2
Zl LT 271_06_%( U#z)

pr(z) =

Happily, there are simplifications and cancellations.



Discriminant functions

To classify at the value X = z, we need to see which of the
pr(x) is largest. Taking logs, and discarding terms that do not
depend on k, we see that this is equivalent to assigning x to the
class with the largest discriminant score:

2
N M Hy
ok(x) = - 2 292 + log(7k)

Note that dx(x) is a linear function of z.
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Discriminant functions

To classify at the value X = z, we need to see which of the
pr(x) is largest. Taking logs, and discarding terms that do not
depend on k, we see that this is equivalent to assigning x to the
class with the largest discriminant score:

2
_ HE Hi
Op(z) =a - —5 — o 5 +log(m)
Note that dx(x) is a linear function of z.

If there are K = 2 classes and 7w = w9 = 0.5, then one can see
that the decision boundary is at

p1 + o

5

(See if you can show this)

V]



=1.

2

1.5, mp =m =0.5, and ¢

y U2
Typically we don’t know these parameters; we just have the

—-1.5

Example with p

training data. In that case we simply estimate the parameters

and plug them into the rule.
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Estimating the parameters

where 67 = =N D ik (T — fir)? is the usual formula for the
estimated variance in the kth class.
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Linear Discriminant Analysis when p > 1

Density: f(x) = ; 2 @-p)TS " z—p)

(&
2 \P/2| 5 [1/2
(2myr/[3] Bule) = - 1 2oy

1
Discriminant function: dx(x) = 2Ty, — éufﬁ_luk + log 7,

Despite its complex form,
0k () = ko + 11 + cpaxa + ... + crprp — a linear function.
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[lustration: p = 2 and K = 3 classes

X

” 2 0 2 4 -4 2 0 2 4
X1 X1

Here m; = my = m3 = 1/3.

The dashed lines are known as the Bayes decision boundaries.
Were they known, they would yield the fewest misclassification
errors, among all possible classifiers.

28 /40



From 05 (z) to probabilities

Once we have estimates 0 (), we can turn these into estimates

for class probabilities:

— esk(m)
Pr(Y =kl X =2) = ——F.
leil eél(x)

So classifying to the largest Sk(af) amounts to classifying to the
class for which Pr(Y = k| X = z) is largest.

When K = 2, we classify to class 2 if 13\1"(Y =2|X =x) > 0.5,
else to class 1.
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LDA on Credit Data
True Default Status

No Yes | Total
Predicted No | 9644 252 | 9896
Default Status  Yes 23 81 104
Total | 9667 333 | 10000

(23 + 252) /10000 errors — a 2.75% misclassification rate!

Some caveats:

e This is training error, and we may be overfitting. Not a big
concern here since n = 10000 and p = 2!

o If we classified to the prior — always to class No in this
case — we would make 333/10000 errors, or only 3.33%.

e Of the true No’s, we make 23/9667 = 0.2% errors; of the
true Yes’s, we make 252/333 = 75.7% errors!



Types of errors

False positive rate: The fraction of negative examples that are
classified as positive — 0.2% in example.

False negative rate: The fraction of positive examples that are
classified as negative — 75.7% in example.

We produced this table by classifying to class Yes if

f’\r(Default = Yes|Balance, Student) > 0.5

We can change the two error rates by changing the threshold
from 0.5 to some other value in [0, 1]:

—

Pr(Default = Yes|Balance, Student) > threshold,

and vary threshold.
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Varying the threshold

= Overall Error
—— False Positive
—— False Negative

Error Rate
0.4
|

0.2

0.0
|

T T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5

Threshold

In order to reduce the false negative rate, we may want to
reduce the threshold to 0.1 or less.
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ROC Curve
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False positive rate

The ROC plot displays both simultaneously.

Sometimes we use the AUC or area under the curve to
summarize the overall performance. Higher AUC'is good.



Other forms of Discriminant Analysis

_ mJr(x)
S mfix)

When f(z) are Gaussian densities, with the same covariance

Pr(Y =k|X =)

matrix 3 in each class, this leads to linear discriminant analysis.

By altering the forms for fi(x), we get different classifiers.

e With Gaussians but different 3 in each class, we get
quadratic discriminant analysis.
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Other forms of Discriminant Analysis

Pr(Y — kX — o) — _"hdk@)
v )Z{immx)

When f(z) are Gaussian densities, with the same covariance

matrix 3 in each class, this leads to linear discriminant analysis.

By altering the forms for fi(x), we get different classifiers.
e With Gaussians but different 3 in each class, we get
quadratic discriminant analysis.
e With fi(x) = 1;:1 fjk(x;) (conditional independence
model) in each class we get naive Bayes. For Gaussian this
means the 3 are diagonal.

e Many other forms, by proposing specific density models for
fx(z), including nonparametric approaches.
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Quadratic Discriminant Analysis

,z\. N

B S 4 -
) Y 4 : 4
Ml HEHY 4 s VAN T P AR SR C R S by /
siflly 5 Y 4 P
g . ¥ / /
o 4 o 7/ /
[ y b y 4 -/
- 7 . - s/
[ \ A
N ‘
T \ 1
T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
Xl Xl

1 _ 1
ok(z) = —5(33 — ,uk)TEk l(x — pg) + log mg, — B log | Xk|

Because the Xj, are different, the quadratic terms matter.
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Generative Models and Naive Bayes

¢ Logistic regression models Pr(Y = k| X = z) directly, via
the logistic function. Similarly the multinomial logistic
regression uses the softmax function. These all model the
conditional distribution of Y given X.

® By contrast generative models start with the conditional
distribution of X given Y, and then use Bayes formula to
turn things around:

e fe ()

Pr(Y = k|X = 2) = + T

- |K:1 ! Ifl(x)

® fi(x) is the density of X given Y = k;
e | =Pr(Y = k) is the marginal probability that Y is in
class k.
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Generative Models and Nafve Bayes

¥ Linear and quadratic discriminant analysis derive from
generative models, wherd ((x) are Gaussian.

¥ Often useful if some classes are well separated N a
situation where logistic regression is unstable.

¥ Na#ve Bayes assumes that the densitiég(x) in each class
factor:

fr(x) = fra(x1) ! fra(x2)! aadk fip(xp)

¥ Equivalently this assumes that the features areindependent
within each class.

¥ Then using Bayes formula:

! K ! fkl(xl) ! ka(XZ) I aah fkp(xp)

K

Pr(Y = K|X = x) = 4
1=1 ! f|1(X1) ! f|2(X2) I aadh f|p(Xp)
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Nafve Bayes N Details
Why the independence assumption?

¥ Di! cult to specify and model high-dimensional densities.
Much easier to specify one-dimensional densities.
¥ Can handle mixed features:

¥ |f feature j is quantitative, can model as univariate
Gaussian, for example:X; |Y = k! N(p,! ). We
estimate Wk and ! 2 from the data, and then plug into
Gaussian density formula forfjx (x;).

¥ Alternatively, can use a histogram estimate of the density,
and directly estimate fjx (x;) by the proportion of
observations in the bin into which x; falls.

¥ |If feature j is qualitative, can simply model the proportion
in each category. Example to follow.

¥ Somewhat unrealistic but extremely useful in many cases.

Despite its simplicity, often shows good classibcation
performance due to reduced variance.
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Nadve Bayes N Toy Example

Density estimates for class k=1

h : s x' =(.4,15,1)

I I I I b1=@2=0.5
a4 I fd1(0.4) = 0.368
S T f9,(15) = 0.484

Density estimates for class k=2 . qu(l) - 0226

0.030
0.130
0.616

31(0.4)
3,(1.5)
33(1)

Pr(Y—1|X—x) 0944andPr(Y 2|X-x) 0.056
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Natve Bayes and GAMs

PY =KX= | 0

lo = log ————
= = |
Pr(Y = K[X = x) ) Kf (x) o
= log 8 1ka(XJ)
I " I "
S & LX)
= log —X + lo kA7)
Do T R
&
= &t  gqg(x)),
j=1
fig (%))

whereay =log = and g (x;) = log ) -

Hence, the Nafive Bayes model takes the form ofceeneralized
additive modelfrom Chapter 7.
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Naive Bayes

Assumes features are independent in each class.
Useful when p is large, and so multivariate methods like QDA
and even LDA break down.

e Gaussian naive Bayes assumes each X is diagonal:

P
Sr(z) oc log |y [T frilxs)

Jj=1

1 | (w5 — puag)? 5
= _52 ————— tlogoy,| +logm
j=1 Tkj

e can use for mizred feature vectors (qualitative and
quantitative). If X is qualitative, replace fi;(x;) with
probability mass function (histogram) over discrete
categories.

Despite strong assumptions, naive Bayes often produces good
classification results.
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Logistic Regression versus LDA

For a two-class problem, one can show that for LDA

log <1€11()T()x)> = log <§;Ez;) — o+ T+ ..+ oy

So it has the same form as logistic regression.

The difference is in how the parameters are estimated.

e Logistic regression uses the conditional likelihood based on
Pr(Y|X) (known as discriminative learning).

e LDA uses the full likelihood based on Pr(X,Y’) (known as
generative learning).

e Despite these differences, in practice the results are often
very similar.

Footnote: logistic regression can also fit quadratic boundaries
like QDA, by explicitly including quadratic terms in the model.
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Summary

Logistic regression is very popular for classification,
especially when K = 2.

LDA is useful when n is small, or the classes are well
separated, and Gaussian assumptions are reasonable. Also
when K > 2.

Naive Bayes is useful when p is very large.

See Section 4.5 for some comparisons of logistic regression,
LDA and KNN.
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